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We study the ground-state phase diagram of an interacting staggered Su-Schrieffer-Heeger (SSH)
ladder in the vicinity of the Gaussian quantum critical point. The corresponding effective field theory
is a double-frequency sine-Gordon (DSG) model which involves two perturbations at the Gaussian
fixed point: the deviation from criticality and Umklapp scattering processes. While massive phases
with broken symmetries are identified by means of local order parameters, a topological distinction
between thermodynamically equivalent phases becomes only feasible when nonlocal fermionic fields,
parity and string order parameter, are included into consideration. We prove that a noninteracting
fermionic staggered SSH ladder is exactly equivalent to a O(2)-symmetric model of two decoupled
Kitaev-Majorana chains, or two 1D p-wave superconductors. Close to the Gaussian fixed point
the SSH ladder maps to an Ashkin-Teller like system when interactions are included. Thus, the
topological order in the SSH ladder is related to broken-symmetry phases of the associated quantum
spin-chain degrees of freedom. The obtained phase diagram includes a Tomonaga-Luttinger liquid
state which, due to Umklapp processes, can become unstable against either spontaneous dimerization
or the onset of a charge-density wave (CDW). In these gapped phases elementary bulk excitations
are quantum kinks carrying the charge QF = 1/2. For sufficiently strong, long-range interactions,
the phase diagram of the model exhibits a bifurcation of the Gaussian critical point into two outgoing
Ising criticalities. The latter sandwich a mixed phase in which dimerization coexists with a site-
diagonal CDW. In this phase elementary bulk excitations are represented by two types of topological
solitons carrying different fermionic charges, which continuously interpolate between 0 and 1. This
phase has also mixed topological properties with coexisting parity and string order parameters.
I. INTRODUCTION
The Su-Schrieffer-Heeger (SSH) model [1] describes a
one-dimensional Peierls insulator [2] in terms of tight-
binding fermions whose hopping along the chain is
characterized by alternating nearest-neighbor amplitudes
t± = t0 ± ∆/2. It was introduced four decades ago al-
most simultaneously with a closely related field theory
of (1+1)-dimensional fermions coupled to a semiclassical
scalar field with a soliton-like background – the Jackiw-
Rebby model [3]. In these seminal works it has been
demonstrated that, for certain chains with a degener-
ate gapped ground state, such as trans-polyacetylene, the
excitations associated with topological defects and edge
states in finite samples are characterized by fractional-
ization of charge [3, 4] and the related phenomenon of
charge-spin separation [1].
Shortly after the SSH papers [1], a two-chain SSH lad-
der model was proposed to explain soliton confinement in
arrays of weakly coupled dimerized chains [5, 6]. Nowa-
days low-dimensional objects like dimerized chains and
ladders are being successfully manufactured and studied
in cold atom systems on optical lattices [7–10]. Current
interest in two- and multi-chain SSH ladders and related
systems, which include hybrid models that interpolate
between the SSH and Kitaev’s p-wave superconducting
chain [11], as well as Creutz-Hubbard and Kitaev lad-
ders, is strongly enhanced by the interest in the studies
of topological phases of such objects [12–18]. Boundary
zero-mode states characterizing such phases are believed
to play an important role because of their potential for
quantum computation [11, 19].
The SSH ladder is described by the Hamiltonian
H = H0 +Hint,
2where
H0 =−
∑
nσ
[
t0 +
1
2
∆σ(−1)n
] (
c†nσcn+1,σ + h.c.
)
− t⊥
∑
nσ
c†nσcn,−σ (1)
is a one-particle Hamiltonian of spinless (e.g. fully spin
polarized) noninteracting fermions which includes dimer-
ization (∆σ) and single-particle interchain hopping (t⊥).
Here c†nσ, cnσ are second-quantized operators of a fermion
on the site n of the chain labeled by σ = ±1. The aver-
age number of fermions per single rung of the ladder is 1.
The model acquires features of a strongly correlated 1D
Fermi system when interaction between the fermions is
included. If one accounts for nearest-neighbor interaction
only, Hint takes the form
Hint = U
∑
n
nˆn,↑nˆn,↓ + V
∑
nσ
nˆn,σnˆn+1,σ (2)
where nˆn,σ = c
†
nσcnσ are fermionic occupation num-
ber operators, and the coupling constants U and V
parametrize the interchain and in-chain repulsion. Hint
may also incorporate longer-range interactions between
the particles. Indeed, in Fermi mixtures of ultracold
atoms, the properties of a lower-dimensional subsystem,
such as a single chain or two-leg ladder, can be manip-
ulated by tuning parameters in the higher-dimensional
species to which the lower-dimensional subsystem is cou-
pled. This is a way how long-range interaction in lad-
der Fermi systems on optical lattices can be generated
[20, 21].
Fig.1 shows two paradigmatic dimerization patterns:
(A) columnar dimerization with ∆+ = ∆− and (B) stag-
gered dimerization with ∆+ = −∆−. In earlier theoret-
ical [5] and experimental [22] studies is has been indi-
cated that in quasi-1D systems of polyacetylene chains
already a weak interchain tunneling makes the staggered
relative ordering of the chains more stable. Apart from
this, for purely theoretical reasons the B-type ladder ap-
pears to be of particular interest. In a columnar ladder
the role of the amplitude t⊥ is similar to that of the
chemical potential in a usual two-band insulator. The
interchain hopping only controls the filling of the bands
and thus can lead to insulator-metal (or commensurate-
incommesurate [23, 24]) transitions, without affecting the
dispersion of the bands. At t⊥ = 0, the midgap states
realized in the bulk as a pair of solitons centered in the
vicinity of the same rung or, in the topological gapped
phase, on the boundaries of the sample, are doubly degen-
erate zero-energy modes, each carrying fractional charge
qF = 1/2. These modes split into doublets due to in-
terchain tunneling. As first shown by Baeriswyl and
Maki [5], the two zero modes confine [5, 6] to form a
bound state representing a single fermion with the charge
qF = 1. Thus, at any nonzero t⊥ degenerate boundary
modes and the associated fractional charge are no longer
the property of a columnar ladder.
(B)(A)
FIG. 1. Two dimerization patters of the ladder: (A) columnar
dimerization; (B) staggered dimerization. The links with hopping
amplitudes t+, t− and t⊥ are depicted by the double, single and
dashed lines, respectively.
The situation is different in the staggered SSH lad-
der. Here t⊥ couples to a non-conserved quantity which
makes the spectrum of the system essentially dependent
of t⊥ and similar to that in the Kitaev model of a 1D p-
wave superconductor [11]. However, there is a principal
difference here: the global U(1) symmetry of staggered
dimerized ladder leads to conservation of the total parti-
cle number N , whereas the Kitaev model has only a dis-
crete symmetry Z2, ”generated” by parity P = (−1)N .
What concerns bulk properties of the B-ladder, at any
nonzero ∆ it does not have a metallic phase occupy-
ing a finite region in the parameter space. Instead, at
t⊥ = ±2t0 already a non-interacting staggered ladder
displays two symmetric Gaussian critical points separat-
ing a topologically nontrivial massive phase (|t⊥| < 2t0)
from trivial phases (|t⊥| > 2t0). Due to chiral symme-
try, the phase at |t⊥| < 2t0 is topologically protected
and characterized by edge states with a fractional charge
qF = 1/2. For non-interacting fermions, the charge of
elementary bulk excitations is, of course, QF = 1.
In this work, we focus on the correlation effects in an
interacting staggered SSH ladder in the vicinity of the
Gaussian criticality where the fermionic spectrum is gap-
less. Due to the t⊥ → −t⊥ symmetry, we choose t⊥ to
be close to 2t0. We derive an effective low-energy field-
theoretical model in which interaction is treated nonper-
3turbatively using Abelian bosonization. We show that
close to the Gaussian criticality interactions transform
the ladder to a strongly correlated 1D system and affect
topological properties of massive phases. The phase dia-
gram is rich and includes massive phases with an explic-
itly or spontaneously broken discrete symmetries. Some
of these phases are topologically nontrivial and some are
not. Exactly at t⊥ = 2t0 the phase diagram displays a
line of Gaussian critical points with continuously vary-
ing exponents (Tomonaga-Luttinger liquid). If interac-
tion is strong enough and/or is sufficiently long-ranged,
Umklapp processes make the Tomonaga-Luttinger criti-
cal state unstable against spontaneous breakdown of ei-
ther link or site parity, leading to the onset of dimer-
ization long-range order or the onset of a charge-density
wave (CDW), respectively. In these gapped phases ele-
mentary bulk excitations are not fermions but quantum
kinks carrying the charge QF = 1/2.
To have a reliable tool to distinguish between topo-
logically distinct phases of the system one needs a local
representation of nonlocal fermionic fields: parity and
string order parameter. The bosonization approach sup-
plies these nonlocal fields with a local representation. To
put this correspondence on firm ground we need to estab-
lish contact between the ladder model and hidden Ising
degrees of freedom in a symmetry preserving way. We
first demonstrate that, in any range of its parameters,
a non-interacting staggered SSH ladder can be exactly
mapped onto an O(2)-symmetric model of two decoupled
Kitaev-Majorana (KM) chains, or equivalently two copies
of an XY spin-1/2 chain in a transverse magnetic field, or
two decoupled 1D p-wave superconductors (1DPS). Bear-
ing in mind that our ladder represents a system of two
SSH chains coupled by interchain tunneling (t⊥ 6= 0), the
possibility of such factorization appears as a remarkable
property of the model. The continuous O(2) symmetry
shows up as the invariance of the two KM chains under
rotations of the two-component Majorana vector field.
In the vicinity of the critical point, the non-interacting
ladder is equivalent to a pair of identical, weakly off-
critical, decoupled quantum Ising chains. The fermionic
nonlocal operators (parity and string order parameter)
are then identified as products of two order or disorder
Ising parameters. In this way, topological order in the
ladder system is related to broken-symmetry phases of
the associated quantum spin-chain degrees of freedom.
Switching on interaction between the original fermions
on the ladder transforms the two decoupled Ising chains
to an quantum Ashkin-Teller model [25, 26]. The proof
of this equivalence is one of the main results of the paper.
Here a remark is in order. When the staggered SSH
ladder is considered in the vicinity of the critical point
t⊥ = 2t0, the existence of the aforementioned equiva-
lence does not come as a revelation. The theory of a
massive Dirac fermion with a marginal interaction, the
so-called massive Thirring model, has long been known
to be equivalent to the quantum Ashkin-Teller system of
two, marginally coupled quantum Ising chains [27]. On
the other hand, the two theories are related to the quan-
tum sine-Gordon model [28]. Main bosonization formu-
las exploring this triad of equivalence have been derived,
including those which concern nonlocal fermionic fields
[29, 30]. Obviously, the significance of the mapping of
the fermionic staggered SSH ladder onto a O(2) theory
of KM chains follows from the fact that all the models
involved are defined on a lattice and the mapping is ex-
act.
We show that universal low-energy properties of the
model are formed due to the interplay of two rele-
vant perturbations: the deviation from the U(1) criti-
cality and Umklapp processes generates by interactions.
Upon bosonization, such interplay is adequately de-
scribed by the quantum double-frequency sine-Gordon
(DSG) model [29, 30]. This theory predicts realization
of a typical Ashkin-Teller scenario: at small deviations
from the Gaussian criticality, the phase diagram of the
model exhibits a bifurcation of the Gaussian critical point
(central charge c = 1) into two outgoing Z2, or Ising criti-
calities (each with central charge c = 1/2). The two Ising
critical lines sandwich a mixed phase in which dimeriza-
tion coexists with a site-diagonal CDW. In this phase,
due to the CDW ordering, the charge conjugation sym-
metry is spontaneously broken and, as a consequence, the
fermionic number QF is not quantized in units 1/2 (see
e.g. Ref.[31]). Elementary bulk excitations in the mixed
phase are represented by two types of topological solitons
carrying different fermionic charges, which continuously
interpolate between 0 and 1. This phase has also mixed
topological properties with continuously varying parity
and string order parameters.
The paper is organized as follows. In Sec.II we
overview the spectral properties of a noninteracting stag-
4gered SSH ladder. In particular we discuss the evo-
lution of the fermionic spectrum on approaching the
critical point t⊥ = 2t0. On decreasing the parameter
γ = 1− t⊥/2t0 (|γ| ≪ 1), at small δ = ∆/2t0, we observe
a smooth crossover between an incommensurate mas-
sive phase, γ > δ2, and a commensurate massive phase,
γ < δ2 (the commensurate phase extends to the region
γ < 0). In the latter case, the elementary excitation
represents a Dirac-like fermion with a mass m ∼ γ. At
m = 0 one has a continuum theory of a massless fermion
with a single Fermi point at k = 0. In Sec.III we incorpo-
rate interactions between the fermions into an effective
continuum model and then bosonize it. As a result, we
arrive at the DSG model where the original Dirac mass
term and Umklapp processes are the key pertubations to
the Gaussian scalar field theory. Here we also derive the
bozonized form of all local physical fields.
In Sec.IV an exact equivalence between the staggered
SSH ladder and a pair of Kitaev chains is established.
Close to the U(1) criticality (|γ| ≪ 1) interactions trans-
form this system to a quantum Ashkin-Teller model,
which makes it possible to employ the previously devel-
oped formalism that derives the low-energy projections
of all physical fields of the DSG model in terms of the
constituent spin degrees of freedom [30]. This equiv-
alence proves instrumental to derive bosonized expres-
sions for nonlocal fermionic operators, parity and string
order parameter. In Sec.V we provide a local, field-
theoretical representation of the parity an string-order
operators, together with their representation in terms of
the Ising variables. In Sec.VI we discuss in much de-
tail the ground state phase diagram of the staggered lad-
der paying attention to quantum critical lines separat-
ing massive phases, topological properties of the latter
and the fermionic numbers carried by elementary excita-
tions. The paper has two appendices where some details
of Abelian bosonization and basic facts about the Kitaev-
Majorana model are compiled.
II. THE SPECTRUM OF NONINTERACTING
STAGGERED SSH LADDER
We start our discussion by overviewing main proper-
ties of a noninteracting staggered SSH ladder. While the
columnar ladder is symmetric under the interchange P12
of the two chains, the Hamiltonian of the staggered lad-
der has a glide reflection symmetry [10] which is a direct
product of a translation by one lattice spacing (Ta) and
reflection (P12). The spectrum of the staggered ladder
remains fully defined within the original Brillouin zone
|k| < π.
Passing at each rung to bonding (b) and antibonding
(a) states
ak =
1√
2N
∑
n,σ
σcnσe
−ikn, bk =
1√
2N
∑
n,σ
cnσe
−ikn (3)
we represent the Hamiltonian (1) at ∆+ = −∆− ≡ ∆ as
follows:
H0 =
∑
|k|<pi
ψ†khˆ(k)ψk, ψk =
(
ak
bk+pi
)
,
hˆ(k) = (ǫk + t⊥) τˆ3 −∆k τˆ2 (4)
where the Pauli matrices τˆa (a = 1, 2, 3) act in the two-
dimensional Dirac-Nambu space. Everywhere below we
will assume that t0 > 0, 0 < ∆ ≤ 2t0, while the ratio
t⊥/2t0 is arbitrary. The model (4) has a chiral symme-
try, ψk → τˆ1ψk, τˆ1hˆ(k)τˆ1 = −hˆ(k), implying that the
spectrum of the Hamiltonian consists of (E,−E) pairs
E(±)(k) = ±E(k), E(k) =
√
(ǫk + t⊥)2 +∆2k (5)
and possibly contains zero-energy modes.
The Hamiltonian H0 conserves the total charge N =∑
k ψ
†
kψk but because of interband transitions caused
by dimerization does not conserve the ”chiral charge”
N3 =
∑
k ψ
†
k τˆ3ψk. This is why, similar to the chem-
ical potential in a BCS superconductor, t⊥ appears in
(5) inside the square root. Therefore there is no room
for quantum commensurate-incommensurate transitions
[23, 24] in this case. In fact, the B-ladder does not pos-
sess a metallic phase extending over a finite range of t⊥.
Instead at any fixed ∆ 6= 0 the spectrum (5) remains
gapped except for two isolated critical points occurring
at
k = 0 : t⊥ = 2t0 (upper critical point) (6)
k = π : t⊥ = −2t0 (lower critical point) (7)
These points separate massive phases that occupy the
regions |t⊥| 6= 2t0. The criticalities belong to the uni-
versality class of a free massless fermion: Gaussian U(1)
criticality with central charge c = 1. The existence of
this criticality is immediately understood in the special
case
∆ = 2t0, t+ = t0 +
∆
2
= 2t0, t− = t0 − ∆
2
= 0 (8)
5(or equivalently ∆ = −2t0, t+ = 0, t− = 2t0) displayed
in Fig.2. The staggered ladder transforms to a single
chain with alternating hopping amplitudes 2t0 and t⊥.
Generically, the spectrum of such chain is massive; how-
ever, at t⊥ = 2t0 translational invariance is restored,
and the resulting snake-looking uniform chain with a
1/2-filled tight-binding band has a gapless spectrum. A
similar situation is known to exist in the theory of ex-
plicitly dimerized spin-1/2 Heisenberg ladders [32–34].
Notice that the conditions (6), (7) are less restrictive
+
t
t
t
t t
+ +
FIG. 2. Staggered ladder at t− = t0 − 12∆ = 0, t+ = 2t0.
than those corresponding to the translationally invari-
ant snake-ladder of Fig.2. In the latter case the critical
points are determined by two conditions imposed on both
t⊥ and ∆, whereas (6) or (7) represents one condition im-
posed on t⊥ only. Therefore, on the phase plane (∆, t⊥)
there exists critical lines t⊥ = ±2t0 along which ∆ may
be varied.
The spectrum (5) of the noninteracting B-type SSH
ladder coincides with that of a one-dimensional spinless
superconductor with a p-wave pairing (1DPS) – the Ki-
taev model [11, 19] (see Appendix B). This similarity be-
tween the staggered SSH ladder and the Kitaev model has
been mentioned in the literature and topological prop-
erties of the two models were compared [18]. In both
models the critical points t⊥ = ±2t0 separate topologi-
cally nontrivial massive phases (|t⊥| < 2t0) from trivial
massive phases (|t⊥| > 2t0). By the bulk-boundary corre-
spondence [35], in both cases the topological phase shows
up in the appearance of boundary zero-energy midgap
states. However, there is an important difference. In
the Kitaev model the global symmetry is Z2. Therefore
the boundary states localized at the edges of a single
Kitaev chain are Majorana zero modes [11, 19]. These
modes constitute a highly nonlocal realization of a Z2-
degenerate many-fermion ground state of a 1D p-wave
superconductor, characterized by even and odd parity of
the particle number. On the other hand, the continu-
ous U(1) symmetry of the staggered SSH ladder leads
to conservation of the total particle number. Therefore
in the topologically nontrivial phase of the noninteract-
ing staggered ladder the two degenerate boundary Majo-
rana modes combine to produce a zero-energy state of a
complex fermion carrying a fractional fermion number[1]
qF = 1/2. The situation in the interacting ladder will be
discussed in Sec.VI.
The aforementioned differences make a direct mapping
of the SSH ladder onto a single p-wave superconducting
chain illegitimate. In Sec.IV we demonstrate that, in
the absence of interaction, the staggered ladder with two
SSH chains coupled by interchain tunneling is exactly
equivalent to two decoupled Kitaev chains. Apparently,
the symmetry of such system is Z2 ×Z2. However, pass-
ing to a Majorana representation of the two-chain Kitaev
model reveals its invariance under global O(2) rotations
of the two-component Majorana vector field, which cor-
rectly reproduces the U(1) symmetry of the original SSH
ladder model.
Let us now derive the effective fermionic Hamiltonian
which captures the low-energy properties of the noninter-
acting model in the vicinity of the upper critical point (6),
t⊥ = 2t0. The lower critical point (7), t⊥ = −2t0 can be
accessed using the symmetry E(k,−t⊥) = E(π − k, t⊥).
Introducing two smooth fields slowly varying over the
lattice constant a0 (Λ . 1/a0),
ψa(x) =
1√
L
∑
|k|<Λ
eikxak,
ψb(x) =
1√
L
∑
|k|<Λ
eikxbk+pi (9)
we can write the Hamiltonian density as
H(0)(x) = Ψ†(x)
[
iv0∂xτˆ2 −
(
m+
1
2m∗
∂2x
)
τˆ3
]
Ψ(x) + · · · ,
Ψ(x) =
(
ψa(x)
ψb(x)
)
(10)
Here the dots stand for higher-order gradient terms. The
parameters in (10 ) are
m = 2t0 − t⊥ ≡ 2t0γ, v0 = ∆a0 = vF δ,
1/2m∗ = t0a20 (11)
vF = 2t0a0 being the Fermi velocity of the fermions on
a single undimerized chain. (10) is the Hamiltonian den-
sity of free (1+1)-dimensional fermions which, apart from
the Dirac mass m, includes a non-relativistic correction
6(m∗)−1∂2x. The spectrum of Hˆ(0) represents a small-k
expansion
E2(k) = k2v20 +
(
m− k
2
2m∗
)2
= m2 + k2v2 +
k4
4m∗2
+ · · · (12)
where
v2 = v20 −
m
m∗
= v2F (δ
2 − γ) (13)
The k4-term in (12) plays an important role in the forma-
tion of incommensurate spatial correlations of the physi-
cal quantities not too close to the critical point (the sub-
critical regime δ2 < γ ≪ 1).
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FIG. 3. The spectrum E(+)
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of the staggered ladder. Notations:
τ = t⊥/2t0, δ = ∆/2t0. Chosen: δ
2 = 0.2. Cases: (1) τ = 0.1,
(2) τ = 0.7, (3) τ = 0.8, (4) τ = 0.9, (5) τ = 1.
Let us now discuss the consequences following from
the specific form of the one-particle spectrum (12) in the
vicinity of the critical point, |γ| ≪ 1 (see Fig.3). We as-
sume that 0 < δ ≪ 1. Depending on the sign of v2 in the
expansion (12) there are two regimes within the gapped
phase 0 < γ ≪ 1: (i) massive incommensurate regime:
v2 < 0, δ2 < γ ≪ 1; (ii) massive commensurate regime:
v2 > 0, γ < δ2 ≪ 1. In the regime (i), E(k) has two sym-
metric minima at k = ±k0, where k0 = a−10
√
2(γ − δ2).
These minima, seen in the curves 1 and 2 of Fig.3, evolve
from the two original minima at the Fermi momenta
±kF = ±π/2a0 where a spectral gap opens up in the
limit of two decoupled SSH chains (t⊥ = 0). On de-
creasing γ the momentum k0 decreases and vanishes at
the point γ = δ2 where E(k) ≃ 2t0γ
[
1 + (ka0)
4/8γ2
]
(curve 3 in Fig.3). Further decreasing γ makes v2 pos-
itive, and the model crosses over to the massive region
(ii) in which the dispersion curve has only one minimum
at k = 0 (curve 4 in Fig.3). The k4-term in the ex-
pansion (12) can be neglected under the condition that
|k|a0 ≪
√
δ2 − γ. Then one arrives at the spectrum of a
massive Dirac fermion E(k) ≃ √k2v2 +m2. Exactly at
the critical point t⊥ = 2t0 (γ = 0) the fermion becomes
massless: E(k) = v|k|.
If γ is negative (t⊥ > 2t0, m < 0), v2 remains positive,
and the dispersion curve always has a single minimum at
k = 0. So at small but negative γ one has the spectrum
of a massive Dirac fermion.
The appearance of two spectral minima of E(k) at
k = ±k0 indicates that in the region (i) spatial corre-
lations of local physical fields must exhibit incommensu-
rate modulations with the period 2π/2k0. On the other
hand, since the spectrum is gapped, these correlations
should fall off exponentially at distances larger than the
correlation length ξ0. The study of this question, which
will include computation of spatial density-density cor-
relation functions in both incommensurate and commen-
surate massive regimes, will be postponed until a sepa-
rate publication [36]. Here we would only like to stress
that, in the staggered SSH ladder, crossing the point
γ = δ2 (k0 = 0), does not have a character of a phase
transition. It rather signifies a smooth crossover between
the massive regimes.
III. INCLUDING INTERACTIONS
Now we turn to interaction between the fermions as
described by Hint in Eq.(2). Naturally, correlation ef-
fects are expected to be most strongly pronounced in
the vicinity of the critical points (|t⊥| ∼ 2t0). To de-
rive a continuum representation of Hint, we will ignore
the k4-correction to the single-particle spectrum (12) and
proceed from the ”relativistic” model of a massive Dirac
fermion, Eq.(10) with the ”nonrelativistic mass” m∗ sent
to infinity. The SU(2) ”spin” symmetry of the Hubbard
7on-site interaction implies that HU is invariant under ro-
tations in the chain space. Therefore
HU = gU
∫
dx ψ†a(x)ψa(x)ψ
†
b (x)ψb(x) (14)
where gU = Ua0 is the coupling constant. Furthermore,
using the correspondence
c†nσcnσ →
a0
2
[
Ψ†(x)Ψ(x) + σ(−1)nΨ†(x)τˆ1Ψ(x)
]
we find that
HV=
gV
2
∫
dx
[ (
Ψ†(x)Ψ(x)
)2
− (Ψ†(x)τˆ1Ψ(x)) (Ψ†(x+ a0)τˆ1Ψ(x+ a0)) ] (15)
where gV = V a0 is another coupling constant. It is con-
venient to make a chiral rotation of the spinor Ψ:
Ψ(x) = e−ipiτˆ1/4χ(x), χ(x) =
(
R(x)
L(x)
)
(16)
Under this rotation τˆ2 → −τˆ3, τˆ3 → τˆ2 and the effective
Dirac Hamiltonian of free massive fermions becomes
H0(x) = χ†(x) [−iv0∂xτˆ3 −mτˆ2]χ(x) (17)
To find the continuum form of the interaction in the
(RL)-basis of single-particles states we use the relations
: ψ†a(b)ψa(b) : =
1
2
(JR + JL)∓ i
2
(
R†L− L†R) ;
: ψ†aψa :: ψ
†
bψb : =
1
4
(
J2R + J
2
L
)
+ JRJL
+
1
4
[(
R†L
)
x
(
R†L
)
x+a0
+ h.c.
]
(18)
where JR =: R
†R : and JL =: L†L : are normal ordered
densities of the right and left fermions, i.e. the U(1) chiral
currents (see Appendix A). Taking into account the fact
that HV maintains its structure with Ψ replaced by χ,
we arrive at the following expression for the interaction
density, which is parametrized by two coupling constants
Hint = 1
2
g+(J
2
R + J
2
L) + 2g+JRJL +
1
2
g−
[(
R†L
)
x
(
R†L
)
x+a0
+ h.c.
]
, g± = (gU ± 2gV )/2 (19)
The first term in the r.h.s. of (19) renormalizes the group
velocity of the collective excitations, the second term is a
marginal forward-scattering part of the interaction, and
the last term describes Umklapp processes whose correct
treatment in a continuum field theory of spinless fermions
requires point splitting [37].
Now we apply the bosonization method to the contin-
uum fermionic model Heff(x) = H0(x) +Hint(x), where
H0 and Hint are given by Eqs.(17) and (19), respectively.
The details of this derivation can be found in the Ap-
pendix A where the main steps of Abelian bosonization
are briefly outlined. The bosonic counterpart of Heff(x)
represents a double-frequency sine-Gordon (DSG) model
[29, 30]:
HDSG = u
2
[
π2(x) + (∂xφ(x))
2
]
+
m
πα
cos
√
4πKφ
− g˜
2(πα)2
cos
√
16πKφ (20)
where
K = 1− g+
πu
+O(g2) (21)
The first term in the r.h.s. of (20) describes a conformally
invariant Gaussian model with central charge c = 1. φ(x)
and π(x) are the massless scalar field and its conjugate
momentum, respectively, u being the renormalized veloc-
ity of collective excitations. We remind that the ”Dirac
mass” m ≃ 2t0γ measures the deviation from the critical
point (γ = 0). The mass and Umklapp terms repre-
sent two perturbations with Gaussian scaling dimensions
d1 = K and d2 = 4K, respectively.
At a weak short-range repulsive interaction the
Luttinger-liquid parameter K is only slightly less than
1, and the Umklapp term in (20) is strongly irrelevant
(d2 > 2) at the Gaussian fixed point. Since the DSG
model is non-integrable [29], the exact dependence of the
Luttinger-liquid parameter K on the coupling constants
is not known. To remedy this shortcoming we can imag-
8ine that our SSH ladder model incorporates longer-range
interactions which push this parameter to smaller values
[39], including K = 1/2. Below this value both the mass
and Umklapp terms become relevant and the interplay of
the two perturbations can lead to new infrared physics.
The unrenormalized Umklapp coupling constant g˜ is
proportional to g− and changes its sign at gU = 2gV .
Even though in the effective infrared theory the pre-
cise dependence of g˜ on the bare interaction constants
is not universal, the exists a line in the UV plane where
g˜ changes its sign [38]. This fact is crucial for the physical
consequences about the phase diagram of the model.
The DSG model (20) must be supplemented by the list
of bosonized strongly fluctuating local fields.
1) The total on-rung density fluctuation is defined as
: ρ(n) :=
∑
σ
: c†nσcnσ :→ a0J(x),
J(x) =: Ψ†(x)Ψ(x) :=: χ†(x)χ(x) :
→
√
K/π ∂xφ(x) (22)
and the fermion number is defined as
Q =
∫ ∞
−∞
dx J(x) =
√
K/π ∆φ, (23)
∆φ = φ(∞) − φ(−∞)
2) The total longitudinal and transverse bond-densities,
both measured from their ground state average values at
the critical point γ = 0, are
: Dn,n+1 : = (−1)n
∑
σ
(
: c†nσcn+1,σ : + h.c.
)
→ a0B‖(x),
: B⊥(n) : =
∑
σ
: c†nσcn,−σ : → a0B⊥(x)
B‖(x) ∼ −B⊥(x) ∼: Ψ†(x)τˆ3Ψ(x) := χ†(x)τˆ2χ(x)
→ −(πα)−1 : cos
√
4πKφ(x) : (24)
3) The staggered part of the site diagonal relative density
(charge density wave, CDW) transforms to
σ(n) = (−1)n
∑
σ
σ : c†nσcnσ : → a0ρCDW(x),
ρCDW(x) = : Ψ
†(x)τˆ1Ψ(x) := χ†(x)τˆ1χ(x)
→ −(πα)−1 : sin
√
4πKφ(x) : (25)
In Sec.V we show that the above list must be com-
plemented by two more operators, cos
√
πKφ(x) and
sin
√
πKφ(x), which represent nonlocal fermionic fields:
parity and string order parameter. The latter play a cru-
cial role in identifying topologically non-trivial massive
phases of the interacting system.
IV. EQUIVALENCE BETWEEN STAGGERED
SSH LADDER AND A PAIR OF KITAEV CHAINS
In this section we establish an exact equivalence be-
tween the staggered SSH ladder and a pair of Kitaev
chains. Let us divide the lattice of the staggered ladder
into A and B sublattices as shown in Fig.4. Associated
with these sublattices are two fermionic operators, αn
and βn which are related to the original operators cnσ as
follows:
cnσ = (−1)n
[
eipi/4Πσ(n)αn − e−ipi/4Π−σ(n)βn
]
Here Π±(n) = [1 ± (−1)n]/2 are projectors on the even
and odd sites, respectively. We then rewrite the Hamil-
tonian of the noninteracting staggered SSH ladder in a
translationally invariant form
H0 = i
∑
n
(
t+α
†
nβn+1 + t−α
†
nβn−1 − t⊥α†nβn
)
+ h.c. (26)
The spectrum of this Hamiltonian, E(±)(k), coincides
with the expression (5), as it should. Splitting the oper-
ators αn and βn into pairs of Majorana (real) fermions,
(ηan, ζ
a
n)
α†n =
η
(1)
n + iη
(2)
n
2
, β†n =
ζ
(1)
n + iζ
(2)
n
2
{ηan, ηbm} = {ζan, ζbm} = 2δabδnm, {ηan, ζbm} = 0 (27)
we find out that H0 in (26) decouples into two identical
Hamiltonians of the KM chain:
H0 =
∑
a=1,2
HaKM, [H
1
KM, H
2
KM] = 0
HaKM =
i
2
N∑
n=1
(
t+η
a
nζ
a
n+1 + t−η
a
nζ
a
n−1 − t⊥ηanζan
)
, (28)
By the correspondence discussed in Appendix B, H0 in
(28) describes two copies of the XY spin-1/2 chains in a
transverse magnetic field:
H0 =
∑
a=1,2
HaXY,
HaXY = −
N∑
n=1
(
hσza,n + Jxσ
x
a,nσ
x
a,n+1 + Jyσ
y
a,nσ
y
a,n+1
)
(29)
9or equivalently two decoupled p-wave superconducting
chains:
H0 =
∑
a=1,2
Ha1DPS,
Ha1DPS =
∑
n
[
− µs
∑
n
(
f †a,nfa,n − 1/2
)
+ ts
(
f †a,nfa,n+1 + h.c.
)
+ (∆s/2)
(
f †a,nf
†
a,n+1 + h.c.
) ]
(30)
where f †a,n = (ζ
a
n + iη
a
n)/2 (a = 1, 2). The parameters of
the three above models are related by the formulas (B5).
Notice that, according to the definition (27), the original
fermionic operators αn and βn mix up Majorana species
(a = 1, 2) belonging to different KM chains to which the
Hamiltonian H0 decouples.
AA
A AB B B
B A B
FIG. 4. Two-sublattice representation of the staggered SSH lad-
der.
According to the Jordan-Wigner equivalence (B4), the
spin-fermion correspondence that relates the models (28)
and (29) is highly nonlocal. Each of the two KM mod-
els (H1,2KM) or XY spin chains (H
1,2
XY) is Z2-symmetric.
In (28) this symmetry is realized as the invariance un-
der transformations ηa → −ηa, ζa → −ζa, while in
(29) it is the symmetry under π-rotations of the spin
operators σxa,n → −σxa,n, σya,n → −σya,n. However, the
sum (28) possesses not only the discrete Z2 ⊗ Z2 sym-
metry but enjoys a larger, continuous SO(2) symmetry
associated with global rotations of the Majorana vectors
η = (η1, η2) and ζ = (ζ1, ζ2). This symmetry is nonlo-
cally realized with respect to the spin model H0 in (29).
Its existence is consistent with the U(1) symmetry of the
original SSH ladder model and the related conservation
of the total fermion number.
Having proven an exact equivalence between a nonin-
teracting B-type dimerized ladder and a decoupled pair of
two KM copies, which holds at arbitrary nonzero t⊥, we
now specialize to the vicinity of the Ising critical point
t⊥ = 2t0 − m, |m| ≪ t0. In this limit, one can pass
to a continuum description in which ηan →
√
2a0η
a(x),
ζan →
√
2a0ζ
a(x). As a result
HaKM →
∫
dx HaKM(x), HaKM(x) = ivηa(x)∂xζa(x) + imηa(x)ζa(x) ≡ HQIC[ηa, ζa] (31)
where v = ∆a0. We see that, in the field-theoretical
limit, the KM chain reduces to a model of a massive Ma-
jorana fermion, which is nothing but the continuum ver-
sion of a slightly off-critical Quantum Ising Chain (QIC)
[48, 53]. This fact is well known: near an Ising transi-
tion the XY spin chain in a transverse magnetic field is
faithfully described by the Ising Field Theory [55].
A chiral rotation similar to that for the complex
fermion field ψ, Eq.(16), ξ
(a)
R,L = (η
a ∓ ζa)/√2, leads to
H0 →
∫
dx H0(x), H0(x) = iv
2
(ξR · ∂xξR − ξL · ∂xξL) + im ξR · ξL, ξ =
(
ξ(1), ξ(2)
)
(32)
This O(2)-invariant model of a two-component massive
Majorana field describes the staggered SSH ladder near
the U(1) criticality in the absence of interactions. With
a complex fermionic field χ(x) defined as χ = (ξ(1) +
iξ(2))/
√
2 the model (32) is equivalent to a theory of a
free massive Dirac fermion in 1+1 dimensions, given by
Eq.(17).
Now we consider the structure of interaction in the KM
representation. In terms of complex fermionic fields αj
and βj the fluctuation part of the interaction Hamilto-
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nian (2) takes the form
Hint =
∑
j
{
Uδρα(j)ρβ(j)
+V [δρα(j)ρβ(j + 1) + δρα(j)ρβ(j − 1)]
}
(33)
where
δρα(j) = α
†
jαj −
1
2
= − i
2
η1j η
2
j ,
δρβ(j) = β
†
jβj −
1
2
=
i
2
ζ1j ζ
2
j
So
Hint =
1
4
∑
j
{
U (η1jζ1j) (η2jζ2j)
+V [(η1jζ1,j+1) (η2jζ2,j+1)
+ (η1jζ1,j−1) (η2jζ2,j−1)]
}
(34)
Using the JW transformation from fermions to spin-1/2
variables (see Appendix B), it is interesting to reveal the
spin-chain content of the O(2)-Majorana model with in-
teraction (34). We find that such fermionic model is
equivalent to the following interacting XY spin-ladder
model:
HXY[σ1, σ2] = H
1
XY +H
2
XY +H
′
XY[σ1, σ2] (35)
where HaXY (a = 1, 2) are given by Eq.(29) and
H ′XY [σ1, σ2] =
∑
j
[
Uσz1,jσ
z
2,j
+ V
∑
α=x,y
σα1,jσ
α
1,j+1σ
α
2,jσ
α
2,j+1
]
(36)
is the interaction term. The Hamiltonian (35) can be re-
garded as an XY generalization of the quantum Ashkin-
Teller model, the latter describing a system of two quan-
tum Ising chains near criticality, coupled by a self-dual
interaction [29, 30]. This correspondence becomes rel-
evant in the vicinity of the Gaussian transition in the
original SSH ladder model. Indeed, at t⊥ ∼ 2t0 the in-
teraction term (34) transforms to
Hint = −
∫
dx
{
Uη1(x)ζ1(x)η2(x)ζ2(x)
+V
[
η1(x)ζ1(x+ a0)η2(x)ζ2(x+ a0)
+η1(x)ζ1(x− a0)η2(x)ζ2(x− a0)
]}
(37)
Taking the limit a0 → 0 in (37) means keeping only the
part of interaction which is marginal at the ultraviolet
fixed point. All neglected terms containing derivatives of
the fields, including those which describe Umklapp pro-
cesses, are strongly irrelevant at the Gaussian fixed point
of the noninteracting model. In this approximation one
arrives at the true quantum Ashkin-Teller model
HAT(x) =
∑
a=1,2
i [vηa(x)∂xζ
a(x) +mηa(x)ζa(x)]
+ λη1(x)ζ1(x)η2(x)ζ2(x) (38)
where λ ∼ g+ ∼ U + 2V .
The model (38) is equivalent to the bosonized Hamil-
tonian (20) without the Umklapp term. However, due
to renormalizations caused by the marginal perturba-
tion, the Luttinger-liquid parameter may reach values
K . 1/2, in which case Umklapp processes cannot be ig-
nored. It is clear that, to tackle effects caused by the (rel-
evant) Umklapp processes would be very hard, if possible
at all, in the fermionic language, Eq.(38). On the con-
trary, the bosonization method reformulates the emerg-
ing problem in terms of the DSG model, which allows one
to infer a valuable information about the phase diagram
and the new emerging criticalities.
V. NONLOCAL ORDER PARAMETERS
The notion of nonlocal order in strongly correlated
systems with a gapped spectrum and unbroken contin-
uous symmetry was originally associated with the Hal-
dane spin-liquid phase of the spin-1 chain. den Nijs and
Rommelse [40] introduced a string order parameter
Oα = lim
|i−j|→∞
〈
Sαi exp

iπ i−1∑
l=j+1
Sαk

Sαj 〉, (39)
Sαi (α = x, y, z) being spin-1 operators, which takes
a nonzero value in the ground state. This was shown
to be related to a spontaneous breakdown of a hidden
Z2⊗Z2 symmetry [41]. The Affleck-Kennedy-Lieb-Tasaki
valence-bond state of a spin-1 chain [42] has revealed a
deep connection between a nontrivial topological order
and four-fold degenerate spin-1/2 boundary states exist-
ing for an open chain. Later on, nonlocal string order pa-
rameters were studied in various spin chains and ladders
[43] to categorize massive phases of these objects accord-
ing to topologically distinct classes [44]. In recent stud-
ies, string order parameters together with another non-
local order parameter, the parity operator which arose in
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the context of the Kitaev 1DPS model [11, 49], were ex-
tensively studied to characterize topologically trivial and
nontrivial massive ground state phases of various one-
dimensional fermionic systems – SSH and Kitaev chains
and their quasi-1D analogs [12, 51, 52].
Nonlocal string-order and parity operators relevant
to our discussion were considered earlier for 1D lattice
bosons [45]. Below we show that, for one-dimensional
fermions, a field-theoretical representation of these non-
local operators remains the same. Let us introduce
the number of the original fermions within the interval
1 ≤ j ≤ n, measured from its average value
δNn = Nn − n =
n∑
j=1
δρj =
n∑
j=1
[δρα(j) + δρβ(j)]
where δρj = ρj − 1 is the fluctuation of the rung density.
We then define the parity operator
Pn = eipiδNn = (−1)n
n∏
j=1
(
1− 2α†jαj
)(
1− 2β†jβj
)
=
n∏
j=1
(
iη
(1)
j ζ
(1)
j
)(
iη
(2)
j ζ
(2)
j
)
= P (1)n P
(2)
n , (40)
The already discussed equivalence of the SSH ladder to
two copies of the Kitaev chain reveals the multiplicative
structure of the operator Pn: it is a product of the parity
operators of the two copies of the Kitaev chain to which
the SSH ladder Hamiltonian maps, Eq.(28). A detailed
analysis of the Majorana structure of nonlocal order pa-
rameters for an individual Kitaev model can be found in
Refs. [12, 56] (see also Appendix B).
According to the bosonization rules, at n≫ 1 the local
operator δρn transforms to (a0/π)∂xφ(x). Therefore, in
the continuum limit
Pn → P(x) = ℜe : exp
[
i
√
π
∫ x
dy ∂yφ(y)
]
:
= : cos
√
πφ(x) : (41)
At the Gaussian fixed point P(x) is a primary field with
scaling dimension 1/4. Its nonlocal fermionic origin fol-
lows from the observation that it cannot be expressed
as a linear combination of fermionic mass bilinears (the
Gaussian scaling dimension of the latter is 1). At infinite
separation the two-point correlation function of local par-
ity operators becomes
lim
|x−y|→∞
〈P(x)P(y)〉 = 〈P 〉2
where P = eipiN = P1P2 is the global parity operator,
N = NN is the total particle number, Pa (a = 1, 2)
are global parities of the corresponding Kitaev chains (or
related QIC models).
To obtain an equivalent representation of parity 〈P 〉 in
terms of the discrete (Ising) variables, one can proceed
either from the factorization formula (40) and then use
the results collected in Refs. [12, 56], or take advantage
of the correspondence between a nearly critical staggered
SSH ladder and the quantum Ashkin-Teller model for
which main bosonization formulas are well known [27,
30]. We will take the second route. Here one should take
into account the fact that, as compared to the convention
adopted in Ref.[30], in our case the sign of the Dirac
(or Majorana) mass is inverted. Changing m → −m
is equivalent to the duality transformation of the QIC
model. With this circumstance in mind, one obtains
P (x) ∼ σ1(x)σ2(x) (42)
where σj(x) (j = 1, 2) are local order parameters of the
jth Ising copy.
We now build up a string operator:
OS(n) = exp

iπ n−1∑
j=1
δρj

 δρn ≡ Pn−1δρn (43)
In the continuum limit
OS(j)→ OS(x) = a0
π
: cos
√
πφ(x − a0) : ∂xφ(x)
Of interest is the string correlation function
lim
|x−y|→∞
〈OS(x)OS(y)〉 = 〈OS〉2
In the conformal field theory of a massless Gaussian field
[46, 47], Eq.(A1), the following operator product expan-
sion can be derived
∂xφ(z, z¯) : cosβφ(w, w¯) :
=
iβ
4π
(
1
z − w −
1
z¯ − w¯
)
: sinβφ(w, w¯) : (44)
Here z = vτ + ix, z¯ = vτ − ix are complex variables, τ
being imaginary time. Setting τ = 0 and substituting
β =
√
π and z − w = α (here α is the short-distance
cutoff of the bosonic theory), up to a nonuniversal mul-
tiplicative constant we obtain
OS(x) ∼ : sin
√
πφ(x) : ∼ µ1(x)µ2(x) (45)
where µ1,2(x) are the Ising disorder operators of the cor-
responding chains.
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When the marginal part of interaction is taken into
account, the compactification radius of the scalar field
gets changed and φ(x) → √Kφ(x). Accordingly, the
parity and string operators, (41) and (45), become
P(x) ∼: cos
√
πKφ(x) :, OS(x) ∼: sin
√
πKφ(x) :
(46)
Thus, the nonlocal fermionic operators of the staggered
SSH ladder, parity and string order parameters, admit a
local representation in terms of vertex operators of the
scalar field φ(x).
VI. PHASE DIAGRAM
We now turn to the low-energy effective bosonized
model (20) and analyze the ground-state phase dia-
gram of the system in the vicinity of the critical point
t⊥ = 2t0 (γ = 0) as a function of the Luttinger-liquid
parameter K, the deviation from criticality (m ∼ γ) and
the Umklapp coupling constant (g˜ ∼ g− ∼ U − 2V ).
A. Case 1/2 < K < 2
This is a situation when d1 < 2, d2 > 2, so that
the Umklapp term in (20) is irrelevant and the low-
energy physics is described by the standard quantum
sine-Gordon model
H(x) = u
2
[
π2(x) + (∂xφ(x))
2
]
+
m
πα
cos
√
4πKφ(x)
(47)
Upon renormalization this model flows towards a strong-
coupling fixed point characterized by a dynamically gen-
erated mass gap M ∼ |m|1/(2−K). In the ground state,
the field φ is locked in one of the degenerate minima of
the cosine potential:
(φ)n =
√
π
K
[
n+
1
2
θ(m)
]
, n = 0,±1,±2, . . . (48)
where θ(x) is the Heaviside step function. Since the
separation of neighboring minima is ∆φ =
√
π/K, the
fermionic number (23), associated with a topological kink
of the SG model (47), is equal to QF = 1. This is the
charge carried by a massive Dirac fermion. The ground
state of the system is insulating.
According to (24) and (48), at any m 6= 0 the ground
state is characterized by both the longitudinal and trans-
verse explicit dimerization, with averages 〈B‖〉 and 〈B⊥〉
nonzero and of opposite sign. At the critical point
both bond-densities change their sign. The system goes
through a U(1), Gaussian criticality to another mas-
sive phase. At m = 0 the model displays the prop-
erties of a spinless Tomonaga-Luttinger liquid charac-
terized by the absence of single-fermion quasiparticles
and power-law decay of correlation functions with non-
universal, K-dependent critical exponents (see for a re-
view Refs.[39, 48]).
The two massive phases with opposite signs of m are
dual to each other and thermodynamically indistinguish-
able. However they differ in their topological properties.
The casem < 0 corresponds to the disordered Ising phase
while m > 0 to the ordered phase. In a single Kitaev
1DPS chain, the Ising ordered (disordered) phases corre-
spond to topologically nontrivial (trivial) phases of the
superconductor. Then, according to the relations (42)
and (45), we conclude that
m > 0 : 〈P 〉 = 0, 〈OS〉 6= 0 (topological phase)
m < 0 : 〈P 〉 6= 0, 〈OS〉 = 0 (non-topological phase)
(49)
in full agreement with the different structure of the
bosonic vacuum at m > 0 and m < 0 as displayed by
Eqs.(48). In the phases where they are nonzero, both
parity and string order parameter scale with the bare
mass m as
P (m) ∼ θ(−m)F (m), OS(m) ∼ θ(m)F (m),
F (m) = C(|m|α/u)K/4(2−K) (50)
On approaching the Gaussian criticality (m → 0) both
P (m) and OS(m) vanish.
The above results for parity agree with the conclu-
sions reached by Kitaev and co-authors [49, 50] who dis-
cussed topological properties of fermions in one dimen-
sion. They argued that in the topologically trivial phase
of a 1D p-wave superconductor the ground state has a cer-
tain parity. On the other hand, in the topologically non-
trivial phase with two boundary Majorana zero modes,
the nonlocally realized Z2 degeneracy of the vacuum al-
ways remains unbroken, and the average parity vanishes.
We see that the bosonization treatment of a pair of the
Ising models to which the original SSH ladder maps sup-
ports this conclusion.
The situation with the string order parameter is just
the opposite. From (49) it follows that the operator OS
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acquires a nonzero expectation value in the Ising ordered
phase (m > 0) and vanishes in the disordered Ising phase
(m < 0). Thus, as expected, the string order parameter
is indicative of topological order in the model.
The insulating state at m > 0 is topologically non-
trivial. For the model (47) with open boundary con-
ditions the spectrum contains boundary modes which
transform to zero-energy midgap states in the thermo-
dynamic limit (L → ∞). It is well-known [3] that each
zero mode accumulates the fractional charge qF = 1/2.
In bosonization language this fact can be understood as
follows. A boundary of a finite system, say at x = 0, is
topologically equivalent to a mass kink of the SG model
(47) which separates the topological bulk phase (x > 0)
with m > 0 from the vacuum at x < 0, the latter
treated as a phase with m→ −∞. Following Jackiw and
Rebby [3], one then replaces the the mass m in (47) by
a coordinate-dependent function m(x) with a solitonic
profile: m(x) → m > 0 at x → ∞, m(x) → −∞ at
x → −∞. The vacua corresponding to different signs of
m(x) have a relative shift ∆φ =
√
π/4K, which immedi-
ately leads to the fractional charge qF = 1/2 of the zero
fermionic mode at the boundary, as opposed to the unit
charge of the bulk fermionic excitations. The bulk mas-
sive phase at m < 0 is topologically trivial: no boundary
zero modes exist in this case.
It is worth noticing that, in both massive phases, the
link-parity symmetry (PL) of the ground states
PL : n→ 1− n, χ(x)→ τˆ2χ(−x), φ(x)→ −φ(−x)
(51)
excludes the formation of a site-diagonal charge-density
wave: 〈ρCDW〉 = 0. Indeed, in the strong-coupling
regime, for both sets of vacua (48) the average
〈sin√4πKφ〉 vanishes.
Thus the properties of the system at 1/2 < K < 2 are
controlled by the magnitude and sign of the Dirac mass
m.
B. Case K < 1/2
A more complicated and interesting picture emerges
when both perturbations in the DSG model (20) are rel-
evant: d1 < d2 < 2. The phase diagram of the system at
K < 1/2 is schematically depicted in Fig.5.
Suppose that the noninteracting ladder is at the Gaus-
sian critical point m = 0. When Umklapp processes are
taken into account, the effective low-energy theory is de-
scribed by a sine-Gordon model but with a different co-
sine perturbation:
H(x) = u
2
[
π2(x) + (∂xφ(x))
2
]
− g˜
2(2πα)2
cos
√
16πKφ(x) (52)
At K ≤ 1/2 the dynamically generated mass gap scales
asMg˜ ∼ |g˜|1/(2−4K). In the infrared limit the field φ gets
locked in one of the minima
(φ)n =
1
2
√
π
K
[
(n+
1
2
θ(−g˜)
]
, n = 0,±1,±2, · · ·(53)
Since ∆φ = (φ)n+1−(φ)n =
√
π/4K, one concludes that
the the fermionic number carried by a quantum soliton of
the SG model (52) is fractional, QF = 1/2. The critical
point g˜ = 0 separates two massive phases with differ-
ent physical properties. At g˜ > 0 〈cos√4πKφ〉 6= 0,
〈sin√4πKφ〉 = 0, so there exists a bond-density wave in
ground state of the system (dimerization). On the other
hand, at g˜ < 0 〈cos√4πKφ〉 = 0, 〈sin√4πKφ〉 6= 0, in-
dicating the onset of a site-diagonal charge-density wave.
Close to the critical point both the dimerization 〈B‖,⊥〉
and the staggered density 〈ρCDW〉 (at g˜ > 0 and g˜ < 0,
respectively) scale as
|〈B‖,⊥〉| ∼ |〈ρst〉| ∼ (|g˜|/u)K/2(1−2K) (54)
A similar phase diagram has been discussed by Haldane
[37] for the XXZ spin-1/2 Heisenberg antiferromagnetic
chain with competing interactions (in the latter case, by
the Jordan-Wigner correspodence the Neel order trans-
lates to the CDW one).
The two massive phases have different symmetry prop-
erties. The dimerized phase is link-parity symmetric
while site parity PS
PS : n→ −n, χ(x)→ τˆ1χ(−x), φ(x)→
√
π
2
− φ(−x)
(55)
is spontaneously broken. For the CDW phase the situa-
tion is just the opposite.
In both phases the ground state is doubly degener-
ate. This follows from the fact that the corresponding
order parameters, 〈cos√4πKφ〉 and 〈sin√4πKφ〉, have
opposite signs for even and odd values of the integer
n which in (53) labels different degenerate vacua. The
aforementioned quantum solitons of the SG model (52)
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are the kinks interpolating between the degenerate vacua.
Fermions as stable quasiparticles are absent in the spec-
trum. In the spontaneously dimerized phase (g˜ > 0) dif-
ferent degenerate vacua have different topological prop-
erties. It follows from (53) that at g˜ > 0 the aver-
age parity and string order parameters are proportional
to cos(πn/2) and sin(πn/2), respectively, implying that
only one of the two degenerate dimerized phases is topo-
logical (namely the one with n odd for which 〈P 〉 = 0,
〈OS〉 6= 0) while the other is not (〈P 〉 6= 0, 〈OS〉 = 0).
The CDW phase at m = 0, g˜ < 0 is a ”topologically
mixed” phase. As seen from (53), in any of the degen-
erate CDW vacua both P and OS have nonzero vacuum
expectation values. We will return to this point in the
sequel.
Consider now small deviations from the critical point,
m 6= 0, keeping K < 1/2. Then the mass term is impor-
tant, and one has to proceed from the DSG model (20)
with both perturbations present. Apparently, the term
m cos
√
4πKφ is the most relevant perturbation. How-
ever when m is small enough, the interplay of the two
perturbations determines the nature of the infrared fixed
point. The crossover to the new low-energy regime will
occur when the mass gaps that would be generated sep-
arately by each of the two perturbations in Eq.(20) are
of the same order:
(|m|α/u) 12−K ∼ (|g˜|/u) 12(1−K) (56)
If g˜ > 0, the vacua (48) are odd and even subsets of
the set (53). The m-perturbation lifts the degeneracy be-
tween the two sublattices of the potential g˜ cos
√
16πKφ
and leads to the period doubling in φ-space. The new pe-
riod is that of the potential m cos
√
4πKφ. As a result,
two kinks with fractional charges QF = 1/2 confine to
produce a bound state which is equivalent to recovery of
the fundamental fermion with an integer charge QF = 1.
Thus at g˜ > 0 main properties of the massive phase of
the DSG model (20), including the quantum numbers of
topologically stable excitations, are essentially the same
as in the absence of Umklapp processes. Nevertheless, as
m→ 0, the system does go through a critical point: just
due to Umklapp processes the spectral mass gap M(m)
undergoes a discontinuity:
lim
m→±0
M(m) = ±|Mg˜|.
The situation qualitatively changes when g˜ < 0.
Now the sets of fields (48) that minimize the poten-
tial m cos
√
4πKφ do not minimize |g˜| cos√16πKφ. The
DSG potential in this case undergoes a topological tran-
sition. Let us illustrate this semi-classically [29]. Con-
sider the potential U(ϕ) = µ cosϕ + g cos 2ϕ, where
g ∼ −g˜ > 0, µ ∼ m and ϕ = √4πKφ. At µ < 4g
the potential displays a set of degenerate minima located
at
ϕ = ± (π/2 + η0) , mod 2π (57)
where sin η0 = µ/4g. These minima are assembled in a
sequence of local double-well potentials. At µ/4g → ±1
the two minima of each double-well potential merge
(η0 → π/2 sgn µ), and U becomes 2π-periodic, with min-
ima located either at ϕ = (2n+1)π at µ > 0 or ϕ = 2πn
at µ < 0. The conditions µ/4g = ±1 provide classical
values of two symmetric critical points. The double-well
potential structure of U implies (in the Ginzburg-Landau
sense) that the transition should belong to the Ising uni-
versality class. A quantum estimate of the Ising critical
lines follows from the relation (56): up to a non-universal
multiplicative numerical constant these lines are deter-
c
CDW
DIMERS−I + CDW
DIMERS−II + CDW
Dimers
g
~
m
K < 1/2m = m  ( g  )
m = − m  ( g  )
c
c
~
~
0 Z  −degenerate ground state
2
F
D−I (topological)
(Q   = 1)
(Q   = 1/2)
F
.
.
m = m c
m = − m
(Q   = 1)
(non−topological)
F
D−II
FIG. 5. Phase diagram of interacting staggered SSH ladder
at t⊥ ∼ 2t0, K < 1/2. D-I and D-II denote non-degenerate
massive phases with opposite signs of average dimerization. At
m = 0 the ground state is two-fold degenerate and is sponta-
neously dimerized if g˜ > 0 or has a site-diagonal charge-density
wave if g˜ < 0. QF indicates the fermionic charge of elementary
excitations. m = ±mc(g˜) are critical lines belonging to the Ising
universality class. A similar phase diagram for t⊥ ∼ −2t0 is ob-
tained from the present one by a mirror reflection with respect to
the horizontal axis.
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mined by the equations
m = ±mc(g˜), mc(g˜) ∼ u
α
( |g˜|
u
) 2−K
2(1−K)
(58)
Thus, at a given g˜ < 0, as |m| is increased fromm = 0,
there exists critical values m = ±mc at which the sys-
tem undergoes a quantum Ising transition (see Fig.5). A
precise value of the phase shift η0 in terms of the param-
eters m, g˜ and K is unknown. However for us only two
limiting values of η0 are important: η0 → 0 at m → 0
and η0 = ±π/2 at m→ ±mc. The inner region bordered
by the two Ising critical lines represents a mixed phase
in which dimerization 〈B‖,⊥〉 6= 0 coexists with the site
diagonal CDW, 〈ρCDW 〉 6= 0 (see Fig.5). The average
dimerization 〈B〉 changes its sign at m = 0 but remains
finite at the critical lines m = ±mc. The CDW order
parameter reaches its maximum at m = 0, vanishes on
approaching the critical lines and remains zero in the re-
gions |m| > mc where the PL symmetry of the ground
state is recovered.
The behavior of the system in the vicinity of each of the
two Ising critical points m = ±mc are described in terms
of an effective Ising field theory. Necessary details can
be found in Ref. [30]. Adopting the ultraviolet-infrared
transmutation of the physical fields found in [30], we read
off the singular parts of the average dimerization and
CDW in the regions |m∓mc| ≪ mc:
〈B‖,⊥〉m − 〈B‖,⊥〉mc ∼ ±
(
m∓mc
mc
)
ln
mc
|m∓mc| ,
〈ρCDW〉m ∼ θ(mc − |m|)
∣∣∣ |m∓mc|
mc
∣∣∣1/8, (59)
According to (57), in the mixed phase (m < mc) the
fractional soliton of the SG model (52) with QF = 1/2
splits into two topological kinks carrying charges
Q±F =
1
2
∓ η0
π
(60)
The existence of excitations in the mixed phase (|m| <
mc), carrying fermionic numbers that continuously de-
pend on the parameter η0, follows from the spontaneous
breakdown of charge conjugation symmetry C caused by
the onset of a CDW:
C : R(x)→ R†(x), L(x)→ L†(x), Φ(x)→ −Φ(x)
CQC−1 = −Q, CρstC−1 = −ρst (61)
The polymer cis-polyacetylene is a example of this kind
[31]. At the Ising critical points (η0 → ±π/2) the two
kinks merge and the standard classification of integer
topological quantum numbers is recovered: QF = 0, 1. It
is just the singlet kink which loses its topological charge
and becomes massless at m = ±mc. QF = 1 is the stan-
dard fermionic number of the explicitly dimerized phases,
D-I and D-II in Fig.5.
Some information on topological properties of the lad-
der in the mixed phase of the phase diagram (g˜ < 0,
|m < mc|) can be extracted from semi-classical estimates.
Using the location of the minima of the DSG potential,
given by (57), for average parity an string order param-
eter, Eqs. (46), we obtain
〈P 〉 ∼ cos(ϕ/2) = 1√
2
∣∣∣ cos η0
2
− sin η0
2
∣∣∣ (62)
〈OS〉 ∼ sin(ϕ/2) = 1√
2
∣∣∣ cos η0
2
+ sin
η0
2
∣∣∣ (63)
As already mentioned, at m = 0 (η0 = 0) both 〈P 〉 and
〈OS〉 are nonzero. When m → mc − 0 (η0 → π/2), 〈P 〉
vanishes while 〈OS〉 is finite. This is consistent with the
fact that the phase D-I (m > mc) is topologically nontriv-
ial. On the other hand, at m → −mc + 0 (η0 → −π/2),
〈P 〉 remains finite while 〈OS〉 → 0, indicating that at the
lower Ising critical point the system enters a topologically
trivial phase D-II (m < −mc).
VII. CONCLUSION
In this paper, we have studied the ground-state phase
diagram of the interacting staggered two-chain SSH lad-
der in the vicinity of Gaussian critical point (t⊥ ∼
2t0). We have derived a fully bozonized effective field-
theoretical model to treat correlations effects in a non-
perturbative way. We have shown that such model has
the structure of the double-frequency sine-Gordon (DSG)
model [29, 30], Eq. (20), characterized by the existence of
two perturbations at the Gaussian fixed point: the devi-
ation from criticality parameterized in terms of a ”Dirac
mass” m ∼ 2t0 − t⊥, |m| ≪ 2t0, and four-fermion Umk-
lapp scattering processes with amplitude g˜. The effects
of forward scattering of the particles are phenomeno-
logically incorporated into a Luttinger-liquid parameter
K which varies in a broad interval including the region
where both perturbations are relevant.
Massive phases with an explicitly or spontaneously
broken symmetry have been identified by inspecting or-
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der parameters described by expectation values of local
fermionic fields in the bosonic reprsentation. The struc-
ture of the nonlocal operators, parity and string order pa-
rameter, which identify topologically non-trivial phases,
has been completely clarified as a result of a proof that
a noninteracting fermionic staggered SSH ladder can be
exactly mapped onto a O(2)-symmetric model of two de-
coupled Kitaev-Majorana chains (or two 1D p-wave su-
perconductors). In the vicinity of the Gaussian fixed
point, an interacting staggered SSH ladder is equivalent
to an Ashkin-Teller-like system of two coupled quantum
Ising chains with a non-locally realized O(2) symmetry.
This equivalence made it possible to show that topologi-
cal order in the SSH ladder is related to broken-symmetry
phases of the associated quantum spin-chain degrees of
freedom.
At a relatively weak interaction (1/2 < K < 2)
Umklapp scattering plays a subleading role, so that the
ground state properties of the model are dominantly con-
trolled by the magnitude and sign of the Dirac mass m.
At m = 0, the ground state represents a Tomonaga-
Luttinger liquid, but at m 6= 0 it is explicitly dimerized
and insulating. Only the m > 0 massive phase, which
is thermodynamically indistinguishable from its m < 0
counterpart, is topological. At a stronger and longer-
range interaction (K < 1/2) both the mass and Umk-
lapp perturbations are relevant, and their interplay re-
sults in the ground state phase diagram shown in Fig.5.
At m = 0 and any nonzero g˜ the Tomonaga-Luttinger
liquid becomes unstable under a transition to a sponta-
neously dimerized state (g˜ > 0) or a site-diagonal CDW
(g˜ < 0). Elementary excitations are quantum solitons
carrying fractional charge QF = 1/2. At g˜ > 0 only
one of the two degenerate dimerized phases is topologi-
cal, whereas at g˜ < 0 the CDW phase is a ”topologically
mixed” phase with the both average parity and string
order parameter nonzero.
We have shown that in our model, depending on the
sign of g˜, both scenarios of the DSG model are real-
ized: kink confinement and Ising quantum transitions.
At g˜ > 0 the mass term lifts the degeneracy between
the two spontaneously dimerized states and leads to con-
finement of two fractionally charged excitations, thus re-
sulting in the recovery of the fundamental fermion with
a unit charge QF = 1. At g˜ < 0 the phase diagram
acquires Ashkin-Teller-like features. The Gaussian crit-
ical point splits into two symmetric Ising critical lines
m = ±mc(g˜, K), mc(g˜, K) ∼ |g˜|
2−K
2(1−K) . These two lines
sandwich a mixed massive phase in which dimerization
coexists with a site-diagonal CDW. In this phase charge
conjugation symmetry is spontaneously broken and, con-
sequently, the fermionic number QF is not quantized in
units 1/2. Elementary bulk excitations in the mixed
phase are represented by two types of topological solitons
carrying different fermionic charges, which continuously
interpolate between the values QF = 0 and 1. This phase
has also mixed topological properties with continuously
varying parity and string order parameters. It would be
very interesting to investigate the structure and spectrum
of midgap edge states in such mixed phase.
Cold atom setups are excellent candidates to realize
a staggered dimerized ladder with a control of its main
parameters. Of particular interest and importance are
topological properties of this and other quasi-1D systems.
There has been a significant recent progress in developing
novel experimental techniques using optical miscoscopy,
aimed at observation of edge states at interfaces, separat-
ing topologically distinct phases of 1D ultracold atomic
systems [8, 9, 15]. Remarkably, Ref. [8] reports on an
experimental realization of a Dirac model with an inho-
mogeneous mass term, directly related to an inhomoge-
neous SSH chain. We hope that the new methodology
will make it soon possible to study topological excita-
tions, including edge modes, in multi-chain SSH setups,
so that the results of this paper might potentially be rel-
evant to future experimental studies.
The approach developed in this paper for a two-chain
dimerized ladder can be straightforwardly generalized to
a larger number of chains. This would lead to a possi-
bility to study correlation effects and topological proper-
ties of systems displaying quantum criticalities with non-
Abelian symmetry groups. This and related questions
are presently under investigation.
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Appendix A: Bosonization dictionary
Here we provide some technical details related to the
bozonization method [48], used in the main text. In
1+1 dimensions free massless fermions (case m = 0 in
Eq.(17)) are equivalent to free massless bosons:
H(0)B =
v0
2
[
(∂xΘ)
2 + (∂xΦ)
2
]
= v0
[
(∂xϕR)
2
+ (∂xϕL)
2
]
= πv0
(
J2R + J
2
L
)
(A1)
Here Φ(x) = ϕR(x) + ϕL(x) is a massless scalar field,
Θ(x) = −ϕR(x) + ϕL(x) is dual counterpart. The chi-
ral currents JR,L(x) are expressed in terms of the chiral
bosonic field ϕR,L(x)
JR(x) =
1√
π
∂xϕR(x), JL(x) =
1√
π
∂xϕL(x) (A2)
and satisfy the U(1) Kac-Moody algebra [48]
[JR/L(x), JR/L(x
′)] = ± i
2π
δ′(x − x′)
[JR(x), JL(x
′)] = 0 (A3)
Adding to (A1) the part of Hint quadratic in the cur-
rents JR,L, we define the Gaussian part of the equivalent
bosonic model:
HGauss = u
2
(
1− λ
2πu
)
Π2 +
u
2
(
1 +
λ
2πu
)
(∂xΦ)
2
(A4)
where u = v0 (1 + λ/2πv0) is the renormalized velocity.
Here Π(x) = ∂xΘ(x) is the momentum conjugate to the
field Φ(x). The current algebra (A3) ensures the canon-
ical commutation relation [Φ(x), Π(x′)] = iδ(x− x′).
The fermionic mass bilinears acquire the following
bosonic representation
R†L→ − i
2πα
e−i
√
4piΦ, L†R→ i
2πα
ei
√
4piΦ (A5)
where α is the ultraviolet cutoff of the bosonic theory. In
particular
χ†τˆ2χ = −i
(
R†L− h.c.)→ − 1
πα
cos
√
4πΦ (A6)
χ†τˆ1χ = R†L+ h.c. → − 1
πα
sin
√
4πΦ (A7)
Using point splitting one bosonizes the Umklapp opera-
tor
Oumkl(x) =
(
R†L
)2
x,x+α
+
(
L†R
)2
x,x+α
− 1
2(πα)2
cos
√
16πΦ(x) (A8)
In the massless case (m = 0) the effective bosonic model
takes the form:
HB = HGauss + gOumkl = u
2
[
KΠ2 +K−1 (∂xΦ)
2
]
− g
2(πα)2
cos
√
16πΦ (A9)
At a weak marginal coupling λ the parameter K is given
by an expansion
K = 1− λ
πu
+O(λ2) (A10)
in which only the O(λ)-term is universal. Generally, the
Luttinger-liquid parameter K decreases with increasing
short-range repulsion, but forK to reach arbitrarily small
values longer range interaction is required [39].
Rescaling the field and momentum
Φ(x) =
√
Kφ(x), Π(x) = (1/
√
K)π(x)
one rewrites (A9) as
HB(x) = u
2
[
π2(x) + (∂xφ(x))
2
]
− g
2(πα)2
cos
√
16πKφ (A11)
Eq.(A11) is a quantum sine-Gordon (SG) model which
is well-known to describe a 1D system of spinless
fermions with a nearest-neighbor density-density inter-
action. Equivalently, such model describes scaling prop-
erties of the XXZ spin-1/2 chain [48].
At m 6= 0 one uses (A6) one bosonizes the Dirac mass
term, in which case the effective bosonic theory trans-
forms to double-frequency sine-Gordon (DSG) model
[29, 30]:
HDSG = u
2
[
π2(x) + (∂xφ(x))
2
]
+
m
πα
cos
√
4πKφ
− g
2(πα)2
cos
√
16πKφ (A12)
Appendix B: Kitaev-Majorana chain and related
models
In this Appendix we collect known facts about the
Kitaev-Majorana (KM) chain [11] and its equivalent rep-
resentations which are used in the bulk of this paper.
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The KM chain is defined on a lattice with N lattice sites
in terms of a pair of Majorana lattice fields, ηn and ζn:
HKM[η, ζ] =
i
N∑
n=1
(−hηnζn + Jxηnζn+1 − Jyζnηn+1) (B1)
In special cases Jx 6= 0, Jy = 0 or Jx = 0, Jy 6= 0
the Hamiltonian HKM reduces to a Quantum Ising Chain
(QIC) in the Majorana representation. In the general
case Jx 6= 0, Jy 6= 0 the model (B1) constitutes a Majo-
rana representation of the spin-1/2 XY chain in a trans-
verse magnetic field
HXY = −h
∑
n
σzn −
∑
n
(
Jxσ
x
nσ
x
n+1 + Jyσ
y
nσ
y
n+1
)
(B2)
The spin-chain model (B2) is in turn equivalent to the
Kitaev toy model of a 1D p-wave superconductor (1DPS):
H1DPS = −µs
∑
n
(
f †nfn −
1
2
)
+ ts
∑
n
(
f †nfn+1 + h.c.
)
+ (1/2)∆s
∑
n
(
f †nf
†
n+1 + h.c.
)
(B3)
The equivalence of the three models, (B1), (B2) and (B3)
is established in two steps. First, by the Jordan-Wigner
(JW) correspondence
σzn = 2f
†
nfn − 1, σ+n = 2(−1)nf †neipi
∑n−1
j=1 f
†
j
fj (B4)
HXY is mapped onto H1DPS. The parameters of the two
models are related as
µs = 2h, ts = Jx + Jy, ∆s = 2(Jx − Jy) (B5)
Secondly, splitting each complex fermion into a pair of
Majorans fermions [11]
f †n = (ζn + iηn)/2, ζ
†
n = ζn, η
†
n = ηn
{ζn, ζm} = {ηn, ηm} = 2δnm, {ζn, ηm} = 0 (B6)
one transforms H1DPS to HKM [η, ζ].
One can now build Majorana string operators [12, 56].
Consider two-spin correlation functions for the XY spin
model (B2): Γx(1, n) = 〈σx1σxn〉 and Γy(1, n) = 〈σy1σyn〉.
Spin ordering in the x or y directions of spin space is
determined by the asymptotical behavior of these corre-
lation functions in the limit n→∞:
lim
n→∞Γx(1, n) = 〈σ
x〉2, lim
n→∞Γy(1, n) = 〈σ
y〉2 (B7)
Since for any fixed spin projection (α = x, y, z) σα1 σ
α
n =
(σα1 σ
α
2 ) (σ
α
2 σ
α
3 ) · · ·
(
σαn−1σ
α
n
)
, from (B4) one deduces that
σxnσ
x
n+1 = −iηnζn+1, σynσyn+1 = iζnηn+1 (B8)
and finds out that the correlation functions Γx,y(1, n),
local in spin variables, are non-local in terms of the
fermions, in which case they represent string order pa-
rameters :
Γx(1, n) ≡ Ox(n) =
n−1∏
j=1
(−iηjζj+1),
Γy(1, n) ≡ Oy(n) =
n−1∏
j=1
(iζjηj+1) (B9)
In the region |µs| < 2ts (|h| < Jx + Jy), depending on
the sign of ∆s = 2(Jx − Jy), either 〈σx〉 6= 0, 〈σy〉 = 0 or
〈σx〉 = 0, 〈σy〉 6= 0. Consequently, either the string order
parameter Ox(n) acquires a nonzero expectation value at
n→∞ if ∆s > 0, or Oy(n) if ∆s < 0 [56]. At |µs| > 2ts
(|h| > Jx+Jy) 〈σx〉 = 〈σy〉 = 0 and string order is absent.
The direct calculations of the topological invariant [11,
19] define the region |µs| < 2ts where the massive phase
of the Kitaev’s 1DPS model (B3) is topologically non-
trivial. The same conclusion is reached when the string
order parameters Ox,y(n) are analized in the limit n →
∞. This fact illustrates the efficiency of the string order
in the studies of topological phases of 1D Fermi systems.
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